IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Reciprocal transformations in (2+1) dimensions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1986 J. Phys. A: Math. Gen. 19 L491
(http://iopscience.iop.org/0305-4470/19/9/006)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 19:32

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/19/9
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 19 (1986) L491-1496. Printed in Great Britain

LETTER TO THE EDITOR

Reciprocal transformations in (2 + 1) dimensions

C Rogers
Department of Applied Mathematics, University of Waterloo, Ontario, Canada

Received 17 February 1986

Abstract. Reciprocal Bicklund transformations are introduced for non-linear integro-
differential equations in (2+1) dimensions. Invariance under such transformations is
investigated.

The subject of reciprocal transformations and their application in gas dynamics and
magneto{gas dynamics) has been surveyed in Rogers and Shadwick (1982). The notion
of reciprocal Backlund transformations of conservation laws was introduced by King-
ston and Rogers (1982, 1984). Such transformations have been used to solve important
non-linear boundary value problems (Rogers et al 1983, Rogers 1983, 1985a). In
particular, they have recently been used to solve a class of Stefan problems in non-linear
heat conduction (Rogers 1985b). In another context, the notion of reciprocally related
inverse scattering schemes was recently introduced and shown to be a key component
in the link between the AkNs and wki1 schemes (Rogers and Wong 1984).

Here, the concept of reciprocal transformations is extended to (2+1) dimensions
and an invariance result is established.

Integro-differential equations of the form

(8/08)T(x3 8,5 05" u(x, y, 1))+ ®(3,59,; 0% u(x,y, 1)) =0 (1)

are considered where o, '=(3/9x), 9,'= (3/8y) and 4;' is defined by

3 = J ¢(o,y, 1) do. (2)
Reciprocal transformations of the type
x'=9:'T y'=y t'=t
}R (3)
0<|T|<

are introduced, where it is required that the involutory condition R?=1 hold. If ®
admits a potential

F=-3'T, (4)
(1) becomes

] o E »

Py T(3x; 8,05 u(x,y, t))+£ F(dx;0,;0% tu(x,,1))=0 (5)

0305-4470/86/090491+ 06$.02.50 (© 1986 The Institute of Physics L491



1492 Letter to the Editor

while (3) yields

dx'=Tdx - Fdt+4;'T,dy y'=y =t ©)

0<|T|< 0.
Accordingly, if we set

H=3;'T, (7
then the condition dx”=dx yields

dx"=T'dx'— F'dt'+ H'dy’'

=T'{Tdx - Fdt+ Hdy}— F'dt+ H'dy=dx

whence we obtain the reciprocal relations

T'=1T (8)

F'=-F/T 9)

H'=-H/T (10)
Moreover, under R it is seen that

3,=T3, (11)

8, =(8%"'T,)a.+9, (12)

3,=—Foa,+a, (13)
together with

37 =a7' T (14)
where T is the multiplicative operator defined by

T¢:=T¢. (15)
The reciprocal operator relation (14) is readily established. Thus let

v=09;'¢ (16)

w=d7'¢ (17)
so that

OV =0xW=a. (18)
But

3 =T'dy (19)
so that

b=dow=m:0,0=5 0,070

T T

whence

T'¢=09[6:'¢]
or

X T'éd=67"¢.

(20)
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The result (14) follows, as does its reciprocal analogue
8% =85'T (21)
To = To. (22)
Use of the latter shows that, as required,
30+ T, =87'[TT}]
=g;! (:Tl{Ty—HT,»})=a;‘ (:}’Jr% T,)=T=H’ (23)
on application of the relation H,=T,.
Accordingly, the following reciprocal result has been established.

Theorem. The integro-differential equation

3T (330,305  u(x, 3, 1)) +3.F (353 8,3 85" u(x, ,1)) =0 (24)
is transformed under the reciprocal transformation R to the associated equation
3, T'+0,F =0 (25)
where
1
T =
T(D}; D3 D5 u) 29
—F(Dj}; D}; Di;
F= ( ’x ,2 ’3 u) 27
T(Dji; D3; Dy u)
1
Dji=34, =3_—,axr (28)
—-(85' T},
Dé =9, = _.(__7.__L) ax'+ay' (29)
Di=d;"=637'T" (30)

The above represents a generalisation to (2+1) dimensions of the reciprocal result
due to Kingston and Rogers (1982).
Suppose that

8T, dF,

—+—=0

at,  dx (31)
where

F1=Fl(axl;ay1;a;ll: Tl) (32)
is invariant under the involutory transformation

= 1
Ty» T,=—.
T L2 0 T (33)

1
Thus, under 7, (31) becomes
oT, oF _

oty 3x, (34)
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where
T1=1/T1
_ 41
Fi=F, 6,,‘;8,,1;6,“.-?__—1 .

Application of the reciprocal transformations

x,=83'T) Y2=W0 L= tl}R
0<|Ty| < l
and
fz‘—'a;ll T, Va=n = tl}
i R,
0<|T)| <

to (31) and (34) in turn produces the reciprocal equations

8T, oF:_,
dt;  dx,

and
ot, 46X,

where

1 F,

T,=— F,=——
T o
-1 _ F,
T=_: _—=.
2 T, 2 T,

Now, (37) and (38) together show that

dfz = T3dX2 - F3dt2 + H3dy2 dj’z = dyz
0<|T;| <
where
T, - T,F,
Ty=— F,= —_—— =
3 T] 3 Fl ;I-1 H3
H1=8;l1T1 » I'_11=8;,1T1.yl.

Application of the reciprocal transformation R to
oL,  oF;
dt, 0x,

produces

aT¥ oF%
—_3+—_i=0
atz 90X,

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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where
1 T
T¥=—== 46
T, T, (46)
—-F, T,F,
¥ 3 210t 47
F3 T, F T, (47)

Moreover, since 7 is an invariant transformation, the symmetry of the above procedure
shows that R must be a reciprocal auto-Bdcklund transformation between (44) and
(45). The construction is illustrated in figure 1.

9T, OF,_, R 2BE_ 0Ty 0F _,
at,  ox, oty  ax,
Reciprocal
Invariance under auto-Backlund
transformation
T v = T L % *
ofy oF_g Re—s D3R OTS O3 _
at,  ax, af, 8%, at, 8%,
Figure 1. Generation of reciprocal auto-Bécklund transformations.
Now, (35) and (36) together with (43) show that
T,=T;? (48)
Ry 1 1
F3 Fl xl’ yl’ax,'?l TzFl(axl y" ' Tl)
_—[J(Bxp w305 2In 1)) =J (43 8,3 05,1 —21n Ty)] (49)
where
J(3s,5 85,5 050 @)= —e 2 Fy(85; 8,3 05, : €/2). (50)
In terms of T3, x, and y,, (49) yields
Fy=TY[J(T5"%,,; = T5V/(05) TY2)d5 +0,,; 05/ TV ~In T3)
—J(T5" %053 —T5V05, Ti5)05,+6,,3 05 TY? In T3)). (51)

Accordingly, it is seen that the class of non-linear integro-differential equations (44)
where F; adopts the form (51) is invariant under the reciprocal transformation

fz=3;21 T Ya=y2 L=t
T’;=1/ T3.

The above result represents an extension to (2+1) dimensions of the reciprocal
invariance property established by Kingston et al (1984).



L496 Letter to the Editor

This research was undertaken during the tenure of a CNR visiting professorship at
the University of Messina. It was also supported under Natural Sciences and Engineer-
ing Research Council of Canada Grant no A0879. It is a pleasure to acknowledge
stimulating discussions with Professors A Donato and D Fusco of the University of
Messina and Dr J G Kingston of the University of Nottingham.

References

Kingston J G and Rogers C 1982 Phys. Lett. 92A 261

—— 1984 Q. Appl. Math. 41 423

Kingston J G, Rogers C and Woodall D 1984 J. Phys. A: Math. Gen. 17 L35

Rogers C 1983 J. Phys. A: Math. Gen. 16 1493

-—— 1985a J. Math. Phys. 26 393

—— 1985b J. Phys. A: Math. Gen. 18 1105

Rogers C and Shadwick W F 1982 Bdcklund Transformations and Their Applications (New York: Academic)

Rogers C, Stallybrass M P and Clements D L 1983 Nonlinear Analysis, Theory, Methods and Applications
7 785

Rogers C and Wong P 1984 Phys. Scr. 30 10



