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LETTER TO THE EDITOR 

Reciprocal transformations in (2 + 1) dimensions 

C Rogers 
Department of Applied Mathematics, University of Waterloo, Ontario, Canada 

Received 17 February 1986 

Abstract. Reciprocal Backlund transformations are introduced for non-linear integro- 
differential equations in (2 + 1) dimensions. Invariance under such transformations is 
investigated. 

The subject of reciprocal transformations and their application in gas dynamics and 
magneto(gas dynamics) has been surveyed in Rogers and Shadwick (1982). The notion 
of reciprocal Backlund transformations of conservation laws was introduced by King- 
ston and Rogers (1982,1984). Such transformations have been used to solve important 
non-linear boundary value problems (Rogers et al 1983, Rogers 1983, 1985a). In 
particular, they have recently been used to solve a class of Stefan problems in non-linear 
heat conduction (Rogers 1985b). In another context, the notion of reciprocally related 
inverse scattering schemes was recently introduced and shown to be a key component 
in the link between the AKNS and WKI schemes (Rogers and Wong 1984). 

Here, the concept of reciprocal transformations is extended to (2 + 1) dimensions 
and an invariance result is established. 

Integro-differential equations of the form 

( a / a t ) T ( a , ;  a y ;  a;': U ( X , Y ,  t ) )+@(a , ;a , ;  a;': U ( X , Y ,  t ) ) = o  (1) 

are considered where a, := (alax), ay := (slay) and a;' is defined by 

a;'4 := j: 4 ( ~ ,  y ,  t )  du. 

Reciprocal transformations of the type 

are introduced, where it is required that the involutory condition R 2  = Z hold. If @ 
admits a potential 

(1) becomes 

a a 
-~(a,;a,;a;': u ( x , Y , ~ ) ) + - F ( ~ , ;  ~,;a;': u ( x , Y , ~ ) ) = o  at  ax  
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while (3) yields 

dx'= Tdx- Fdt+a;'T,dy Y ' = Y  t ' =  t 

0 < 17-1 < 03. 

Accordingly, if we set 

H=~; 'T,  

then the condition dx" = dx yields 

dx"= T'dx'- F'dt'+ H'dy' 

= T'{ Tdx - Fdt + Hdy} - F'dt + H'dy = dx 

whence we obtain the reciprocal relations 

T ' = I / T  

F ' = - F / T  

H'= - H I T  

Moreover, under R it is seen that 

a, = Tax> 

ay = (a;' Ty)a,. + ay, 
a, = -Fa,.+a,, 

together with 

8;' = 8 , '~ '  

where T' is the multiplicative operator defined by 

T'+ := TI+. 

The reciprocal operator relation (14) is readily established. Thus let 

v =a;'+ 
w=a;.'+ 

a,v = a,.w = 4. 

a,, = T'a, 

so that 

But 

so that 
1 1 + = a,.w = - a,.v = 7 a,.[a;'+] 
T' T 

whence 

T I +  = a,,[a;'+] 

d,'T'+ =a;'+. 
or 
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The result (14) follows, as does its reciprocal analogue 

a;? = a;'T 

T4 := T4. 

Use of the latter shows that, as required, 

a;? T;, = a;'[ IT;,] 

on application of the relation H, = Ty. 
Accordingly, the following reciprocal result has been established. 

Theorem. The integro-diff erential equation 

a,T(a,; a,; a;': U(X,Y, t))+a,F(a,; a,; a;': u ( x , y ,  c ) ) = o  (24) 

is transformed under the reciprocal transformation R to the associated equation 

where 

The above represents a generalisation to (2 + 1) dimensions of the reciprocal result 
due to Kingston and Rogers (1982). 

Suppose that 

aT, aF, 
at l  ax, 

F, = F,(a,,; a,,; 8;;: T,) 

-+-- - 0  

where 

is invariant under the involutory transformation 

- 1  
T :  TI+ Tl=-. 

TI 
Thus, under T, (31) becomes 

(33) 

a7; aF, 
a t ,  ax, 
-+-=o (34) 
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where 

TI = 1/ TI 

Application of the reciprocal transformations 

and 

to (31) and (34) in turn produces the reciprocal equations 

aT, aF, -+-=o 
at, ax2 

and 

ai;, aF, 
-+:=O ai, ax, 

where 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

Now, (37) and (38) together show that 

where 

A -  - 1 -  HI = x,' TI ,."I 1 - a x ,  Tl,y,. 

Application of the reciprocal transformation R to 

aT3 aF3 -+-=o 
a t ,  ax, 

produces 

aTT aFT -+--=O 
a t ,  az, 

(43) 

(44) 

(45) 
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where 

Moreover, since T is an invariant transformation, the symmetry of the above procedure 
shows that R must be a reciprocal auto-Biicklund transformation between (44) and 
(45). The construction is illustrated in figure 1. 

0 
JT3 JF3 -+-= JT, JF, JT2 JF2 

-+-so 
at ,  ax, Jt ,  J X 2  

T 
Reciprocal 

auto-Backlund 
transformation 

T 
Invariance under T 

I 

R2- 

I 
JF, JF, 
-+-so 
at ,  J X ,  

Figure 1. Generation of reciprocal auto-Backlund transformations. 

Now, (35) and (36) together with (43) show that 

T3 = TT2 

(49) 
1 

=-[J(a,,; a,,; 8;;: 21n T,)-J(a,,; a,,,; a;;: -21n T l ) ]  
Tl 

where 

J(a,, ; a,, ; d;,’: a) := -e-a’2Fl(ax, ; a,,, ; a;,’: e“12). (50) 

In terms of T3,  x2 and y 2 ,  (49) yields 

F3 = T:/’[J( T;1’2d,; - T;’/’(d;: T:(~z)aX2+ay2;  a;:T:I2: -In T3) 

(51) - J (  T;1/2axz; -T;1/2(d;2 1 T3,,,)aX2+a,; 1 / 2  

z2 = a;: T3 Y 2  = Y2 r, = t 2  

In T3) ] .  
Accordingly, it is seen that the class of non-linear integro-differential equations (44) 
where F3 adopts the form (51) is invariant under the reciprocal transformation 

T f  = 1/ T3. 

The above result represents an extension to (2+1)  dimensions of the reciprocal 
invariance property established by Kingston et a1 (1984). 
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